POISSON 2-GROUPS 



Zhuo Chen, Mathieu Stienon & Ping Xu 
Abstract 

We prove a 2-categorical analogue of a classical result of Drin- 
feld: there is a one-to-one correspondence between connected, 
simply-connected Poisson Lie 2-groups and Lie 2-bialgebras. In 
fact, we also prove that there is a one-to-one correspondence be- 
tween connected, simply connected quasi-Poisson 2-groups and 
quasi-Lie 2-bialgebras. Our approach relies on a "universal lifting 
theorem" for Lie 2-groups: an isomorphism between the graded 
Lie algebras of multiplicative polyvector fields on the Lie 2-group 
on one hand and of polydifferentials on the corresponding Lie 2- 
algebra on the other hand. 
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Introduction 



A Poisson group is a Lie group equipped with a compatible Poisson 
structure. Poisson groups are the classical limit of quantum groups and 
have been extensively studied in the past two decades. For instance, 
Drinfeld proved that there is a bijection between connected, simply con- 
nected Poisson groups and Lie bialgebras [7, 8]. 

Lie 2-groups (also called strict Lie 2-groups in the literature) are Lie 
group objects in the category of Lie groupoids, or equivalently Lie groupoid 
objects in the category of Lie groups. More explicitly, a Lie 2- group is 
a Lie groupoid T\ Tq, where both Ti and Tq are Lie groups and all 
the groupoid structure maps are group homomorphisms. Lie 2-groups 
are special instances of Mackenzie's double groupoids [14]. 

The recent categorification trend motivates the search for an appropriate 
notion of quantum 2-groups. Poisson 2-groups are a natural first step in 
that direction. By a Poisson 2-group, we mean a Lie 2-group equipped 
with a Poisson structure II on Ti, which is multiplicative with respect 
to both the group and the groupoid structures on T\. In other words, 
(Ti,II) is simultaneously both a Poisson group [7, 8] and a Poisson 
groupoid [20]. 

Lie 2-algebras are Lie algebra objects in the category of Lie algebroids 
[1]. They can be identified with Lie algebra crossed modules: pairs of 
Lie algebras 9 and q together with a linear map : 9 — >■ Q and an action 
of q on 9 by derivations satisfying a certain compatibility condition. 
Likewise, a Lie 2-bialgebra can be considered as a Lie bialgebra crossed 

module, i.e. a pair of Lie algebra crossed modules in duality: (6 % q) and 

(g* — > 9*) are both Lie algebra crossed modules, and (q k 9,9* ix $*) is 
a Lie bialgebra. 

We prove that, at the infinitesimal level, Poisson 2-groups induce Lie 2- 
bialgebras. More precisely, we prove the following analogue of Drinfeld's 
theorem: 
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Theorem A. There is a one-to-one correspondence between connected, 
simply-connected Poisson 2-groups and Lie 2-bialgebras. 

We will also prove a more general result: 

Theorem B. There is a one-to-one correspondence between connected, 
simply-connected quasi-Poisson 2-groups and quasi-Lie 2-bialgebras. 

Quasi-Poisson 2-groups are, in a certain sense, the 2-categorical ana- 
logues of Kosmann-Schwarzbach's quasi-Poisson groups [10]. A quasi- 
Poisson 2-group is a Lie 2-group T\ =4 To endowed with a multiplicative 
quasi-Poisson structure on T\, i.e. a multiplicative bivector field II on 
Y\ such that the Schouten bracket [II, II] is some sort of coboundary. 

A natural generalization of Lie 2-algebras (or Lie algebra crossed mod- 
ules), weak Lie 2-algebras are two-term algebras. They can be de- 
scribed concisely in terms of the shifted degree "big bracket," which is a 
Gerstenhaber bracket on S'(V[2] © V*[i]). Here V = 9 © Q is a graded 
vector space, where 9 is of degree 1 and q is of degree 0. Identify- 
ing S'(V[2] © V*[l]) with the space T(A"T[4]M) of polyvector fields on 
M = V*[— 2] with polynomial coefficients, the big bracket can be simply 
described as the Schouten bracket of polyvector fields on M. 

In [6], we developed a notion of weak Lie 2-bialgebras: objects that 
are simultaneously weak Lie 2-algebras as well as weak Lie 2-coalgebras, 
both structures being compatible with one another in a certain sense. 
In terms of the big bracket, a weak Lie 2-bialgebra on a graded vector 
space V is a degree-(— 4) element t of /S*(V[2]©V*[i]) satisfying {i, t} = 0. 
Quasi-Lie 2-bialgebras are a special instance of weak Lie 2-bialgebras. 

Our proofs of Theorems A and B rely on the following "universal lifting 
theorem," which should be of independent interest: 

Theorem C. Given a Lie 2-group T\ z4 r 0; if both T\ and Tq are con- 
nected and simply connected, then the graded Lie algebras ©/.>q ^mult(^ 1 ) 
and (J) fc>0 <Ak are isomorphic. 

Here ©j.>o ^mult(^i) denotes the space of multiplicative polyvector fields 
on Ti which, being closed with respect to the Schouten bracket, is nat- 
urally a graded Lie algebra. On the other hand, ©^x^fe denotes the 
graded Lie algebra formed by the polydifferentials on the associated Lie 
2-algebra — the infinitesimal counterparts of the multiplicative polyvec- 
tor fields on the Lie 2-group. 

Theorems A and B are proved simply by expressing the algebraic data 
defining the weak Lie 2-bialgebra structure in terms of the graded Lie 
algebra fc > o A- 
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We refer to the recent papers [13, 16, 18] on integration of Courant 
algebroids to symplectic 2-groupoids, which may have a close connection 
to our work. 
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1. Quasi-Lie 2-bialgebras 

In this section, we recall some basic notions regarding quasi Lie 2- 
bialgebras developed in [6]. 

1.1. The big bracket. We will introduce a graded version of the big 
bracket [11, 12] involving graded vector spaces. 

Let V = ®fcez ^ be a g ra ded vector space. Consider the Z-graded 
manifold M = V*[— 2] and the shifted tangent space 

T[4]M = (M x V*[-2])[4] M x V*[2]. 

Consider the space of polyvector fields on M with polynomial coeffi- 
cients: 

r(AT[4]M) ^ S* (M*) ® S"((V*[2])[-l]) 

S*(V[2]) © ST(V*[i]) S'(V[2] © V*[i]). 

We write 5* for 5*(V[2]© V*[l]) and © for the symmetric tensor product 
in 5*. 

There is a standard way to endow S* = T(A*T[4]M) with a graded Lie 
bracket, i.e. the Schouten bracket, which is denoted by {■, ■}. It is a 
bilinear map {■,■}: S* <8> S* —> S* satisfying the following properties: 

1) {v,v'} = {e,e'} = 0, for all v,v' G V[2] and e,e' G V*[i]; 

2) {v,e} = (-l)H (v\e), for all v G Vp] and e G V*[l]; 

3) {ei, e 2 } = -(-l)(|eil+3)(|e 2 |+3) | e2) ei | ; for all ei) e2 G 5 .. 

4) {ei,e 2 ©e 3 } = {ei, e 2 } © e 3 +(-l) (|ei|+3)|e2| e 2 © {ei,e 3 }, for all ei, e 2 , e 3 G 
5V 
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It is clear that { ■ , ■ } is of degree 3, i.e. 

|{ei,e 2 }| = |ei| + |e 2 | + 3, 

for all homogeneous ej £ S', and the following graded Jacobi identity 
holds: 

{ei, {e 2 , e 3 }} = {{e h e 2 } , e 3 } + (-1)(M+ 3 XM+ 3 ) {e 2 , { ei , e 3 }} . 

Hence (S*, , { ■ , ■ }) is a Schouten algebra, also known as an odd Poisson 
algebra, or a Gerstenhaber algebra [19]. 

Due to our degree convention, when V is an ordinary vector space con- 
sidered as a graded vector space concentrated at degree 0, the bracket 
above is different from the usual big bracket in the literature [11]. 

1.2. Quasi-Lie 2-bialgebras. Following Baez-Crans [1], a weak Lie 2- 
algebra is an Loo-algebra on the 2-term graded vector space V = 9 © g, 
where 9 is of degree 1 and g is of degree 0. Unfolding the Loo-structure, 
we can define a weak Lie 2-algebra as a pair of vector spaces 9 and g 
endowed with the following structures: 

1) a linear map <f>: 9 — > g; 

2) a bilinear skewsymmetric map [■ , ■]: g ® g — > g; 

3) a bilinear map ■ > ■ : g C8) 9 —> 9; 

4) a trilinear skewsymmetric map h: g <8> g ® g — > 0, called the homo- 
topy map. 

These maps are required to satisfy the following compatibility condi- 
tions: for all w, x, y, z € g and u,v G 9, 

[foz/])Z] + [[&)«],»] + [[^a?],2/] + {<t>°h){x,y,z) = 0; 
y > (x > n) — x > (y > u) + [x, y] > u + h((j)(u),x, y) = 0; 
> f + 4>{v) >u = 0; 
4>{x > n) = [x, 0(n)]; 

and 

/i(x, y,z) — y> h(x, z, w) + z > y, u;) + x > /i(y, z, u;) 
= ^i([x,y],0,u;) - /i([x,z],y, io) + /i([x, u>], y, z) 

+ Mb^]^^) - hi\y,w\,x,z) + /i([z,w;],3;,y). 

If h vanishes, we call it a strict Lie 2-algebra, or simply a Lie 2-algebra. 

Now consider the degree shifted vector spaces V[2] and V*[i]. Under 
such a degree convention, the degrees of g, 9, g* and 9* are specified as 
follows: 



space 





9 


9* 


9* 


degree 


-2 


-1 


-1 


-2 



5 



(2) 



We will maintain this convention throughout this section. We remind 
the reader that the abbreviation S* stands for S'(V*[i] © V[2}). 

Proposition 1.1 ([6]). Under the above degree convention, a weak Lie 
2-algebra structure is equivalent to a solution to the equation 

(1) {s,s} = 0, 

where s = (ft + b + a + h is an element in 5 ( -~ 4 - > such that 

<f> € 9*qq, 

b G (e V)©0, 

a G q*g9*q9, 

{ h € (oV)©^- 

Here the bracket in Eq. (1) stands for the big bracket as in Section 1.1. 

In the sequel, we denote a weak Lie 2-algebra by (#—*•£), s) in order to 
emphasize the map from 9 to g. Sometimes, we will omit s and denote 
a weak Lie 2-algebra simply by (9— >q). If (g* — > 9*) is a weak Lie 2- 
algebra, then (9 — > g) is called a weak Lie 2-coalgebra. Equivalently, a 
weak Lie 2-coalgebra is a 2-term Loo-structure on g* © 9*, where g* has 
degree 1 and 9* has degree 0. 

Similarly, we have the following 

Proposition 1.2 ([6]). A weak Lie 2-coalgebra is equivalent to a solution 
to the equation 

{c,c} = 0, 

where c=^ + e + d + f/G S^~^ such that 

' <f> G 6>*©g, 
eE0* (o 2 0), 
a G g*og©6>, 
k fj g g*o(0 3 ^). 



(3) 



We denote such a weak Lie 2-coalgebra by (6—>Q, c). 

Definition 1.3. A weak Lie 2-bialgebra consists of a pair of vector spaces 
9 and g together with a solution t = h + a + h + ifi + e + a + r) G S^~^ to 
the equation {t,t} = 0. Here b,a,h,(/),e,a,fi are as in Eqs. (2) and (3). 
If, moreover, h = 0, it is called a quasi-Lie 2-bialgebra. If both h and 
fj vanish, we say that the Lie 2-bialgebra is strict, or simply a Lie 2- 
bialgebra. 

Proposition 1.4. Let (9,g,t) be a weak Lie 2-bialgebra as in Definition 
1.3. Then [9— >g,l), where l = (p + b-\-a + h ) is a weak Lie 2-algebra, 
while (9^-Q, c), where c = § + e + a + f} , is a weak Lie 2-coalgebra. 
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Example 1.5. Assume that g is a semisimple Lie algebra. Let (■, ■) 
be its Killing form. Then h(x,y,z) = H(x, [y,z]), for all x,y,z E 0, is 
a Lie algebra 3-cocycle, where h is a constant. Let 9 = M. Then the 
trivial map R — > g together with h becomes a weak Lie 2-algebra, called 
the string Lie 2-algebra [1]. More precisely, the string Lie 2-algebra is 
as follows: 

1) 8 is the abelian Lie algebra M; 

2) g is a semisimple Lie algebra; 

3) (f) : 8 —> g is the trivial map; 

4) the action map > : g ® 8 — >■ 9 is the trivial map; 

5) h : A 3 g — > 9 is given by the map h(-, [•,•]), where h is a fixed 
constant. 

Now fix an element x £ Q. We endow M — > g with a weak Lie 2-coalgebra 
structure as follows: 

1) g* is an abelian Lie algebra; 

2) 8* = R is an abelian Lie algebra; 

3) (p* : g* — s> 6>* is the trivial map; 

4) the 8* -action on g* is given by 1 > £ = ad*£, for ah £ € 0*; 

5) 77 : A 3 #* — > Q* is the trivial map. 

One can verify directly that these relations indeed dehne a weak Lie 
2-bialgebra. 

1.3. Lie bialgebra crossed modules. 

Definition 1.6. A Lie algebra crossed module consists of a pair of Lie 
algebras 8 and q, a linear map eft : 8 — > Q, and an action of g on 9 by 
derivations satisfying, for all x,y £ g, u,v € 9, 

1) (f>(u) > v = [u, v\; 

2) 4>(x\>u) = [x,4>(u)], 

where > denotes the g-action on 9. 

Note that 1 and 2 imply that <p must be a Lie algebra homomorphism. 

We write (9 % g) to denote a Lie algebra crossed module. The associated 
semidirect product Lie algebra is denoted by g ix 9. 

The following proposition indicates that crossed modules of Lie alge- 
bras are in one-to-one correspondence with Lie 2-algebras. We refer the 
reader to [1] for details. 

Proposition 1.7. Lie algebra crossed modules are equivalent to (strict) 
Lie 2-algebras. 
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Definition 1.8. A Lie bialgebra crossed module is a pair of Lie algebra 

crossed modules in duality: (9 — >■ g) and (g* ^» 9*), where (j) T = —(j)*, 
are both Lie algebra crossed modules such that (g x 9, 9* x g*) is a Lie 
bialgebra. 

Lie bialgebra crossed modules are symmetric as we see in the next 

Proposition 1.9. // ((9 % g), (g* ^ 9*)) is a Lie bialgebra crossed 
module, so is ((g* ^ 9*), (9 A- g)). 

The following result justifies our terminology. 

Proposition 1.10. // {(9 % q), (g* ^> 9*)) is a Lie bialgebra crossed 
module, then both pairs (9,9*) and (g,g*) are Lie bialgebras. 

Example 1.11. One can construct a Lie bialgebra crossed module from 
an ordinary Lie bialgebra as follows. Given a Lie bialgebra (9,9*), con- 
sider the trivial Lie algebra crossed module (9 A 9), where the second 
9 acts on the Erst 9 by the adjoint action. In the mean time, consider 

the dual Lie algebra crossed module (9* — >■ 9*), where the second 9* 
is equipped with the opposite Lie bracket: —[■ , ■]*, and the action of 
the second 9* on the first 9* is given by K2 > K\ = — [^2,^1]*, for all 

K\,K2 £ 9* . It is simple to see that ((9 A 9), (9* —>#*)) is indeed a Lie 
bialgebra crossed module. 

The following theorem was proved in [6]. 

Theorem 1.12. There is a bijection between Lie bialgebra crossed mod- 
ules and (strict) Lie 2-bialgebras. 

Example 1.13. Consider the Lie subalgebra u(n) C g[ n (C) of n x n 
skew-Hermitian matrices. Let 9 C g[ n (C) be the Lie subalgebra consist- 
ing of upper triangular matrices whose diagonal elements are real num- 
bers. It is standard that (9,u(n)) is a Lie bialgebra. Indeed 9 © u(n) = 
gl n (C), and both 9 and u(n) are Lagrangian subalgebras of gl„(C) un- 
der the nondegenerate pairing (X\Y) = Im(Tr(XY)), for X, Y € g[ n (C). 
Hence (9, u(n), g[ n (C)) is a Manin triple, and thus (9,u(n)) forms a Lie 
bialgebra. 

Let g denote the Lie algebra of traceless upper triangular matrices with 

real diagonal coefficients. It turns out that (9 \ g), where (f> is the map 
A i — y A — trA, is a Lie bialgebra crossed module. 

2. Universal lifting theorem 

2.1. Lie 2-groups. A Lie 2-group (also called strict Lie 2-groups in 
the literature) is a Lie groupoid Ti z4 Tq, where both T± and Tq are 
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Lie groups and all the groupoid structure maps are group homomor- 
phisms. A Lie 2-group is a special case of double groupoid in the sense 
of Mackenzie [14]. 

Definition 2.1 ([21, 22]). A Lie group crossed module consists of a 
Lie group homomorphism <I> : — > G and an action of G on Q by 
automorphisms satisfying the following compatibility conditions: 

1) $(a)>P = af3a~ l ; 

2) S{j3>P)=g*{p)g- x , 

for all g G G and a, f3 G 0. Here g>/3 denotes the action of g G G on 
P G 6. 

We write (G % G) to denote a Lie group crossed module. 

Proposition 2.2. There is a bijection between Lie 2-groups and crossed 
modules of Lie groups. 

Proof. This is standard. For instance, see [2, 4, 5, 15, 17]. Here we 
will sketch the construction of the Lie 2-group out of a crossed module, 
which will be needed later on. 

The Lie 2-group corresponding to a Lie group crossed module (0 ■% G) 
will be denoted by G x =4 G, or simply G x 0, by abuse of notations. 
Here the group structure on G x is as follows: 

• group multiplication: (g,a) o (h,fi) = (gh, (h~ 1 >a)P); 

• group unit: 1 = (1g, le)> here 1^ and le denote, respectively, 
the group unit elements of G and 0; 

• group inversion: (g,a)~ l = (g~ l , (g>ay 1 ). 

The groupoid structure on G x =t G is as follows: 

• source and target maps: s(g,a) = g, t(g,a) = g$>(at); 

• groupoid multiplication: (g,a) * (h,P) = (g,af3), if h = g&(a); 

• groupoid units: (g, le); 

• groupoid inversion: (g,a)~ = (g^(a),a~ 1 ). 

q.e.d. 

In the sequel, we will use Lie 2-groups and crossed modules of Lie groups 
interchangeably. 
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2.2. Multiplicative polyvector fields on Lie groupoids. We recall 
some standard results regarding multiplicative polyvector fields on a Lie 
groupoid. Let r =t M be a Lie groupoid with source and target maps 
s and t, respectively. Consider the graph of the groupoid multiplication 
A = {{p, Q,PQ)\t(p) = s (q)}i which is a submanifold in T x T x T. 

Recall that a k- vector field E 6 X fc (T) is said to be multiplicative if A is 
coisotropic with respect to E x E x (— l) fc+1 E [9]. In other words, 

(E x E x (-l) fc+1 E)(6,--- = 0, V&,--- .^eA 1 
for all £i, • ■ ■ , £fc € A -1- , where 

a x = e T A *(r x r x r) s.t. aga, (f |u) = o, w g t a a} . 

A fc- vector field E on T is said to be affine if [S, X~] is left invariant for 
all X € T(A). Here A denotes the Lie algebroid of T, and X~ denotes 
the left invariant vector field on T corresponding to X. 

The following lemma gives a useful characterization of multiplicative 
polyvector fields. 

Lemma 2.3 (Theorem 2.19 in [9]). A k-vector field E is multiplicative 
if and only if the following three conditions hold: 

1) E is affine; 

2) M is a coisotropic submanifold ofT; 

3) for any £ € 1 (M), i t *^T, is left invariant. 

Remark 2.4. Tie statement of Theorem 2.19 in [9] contains more con- 
ditions but some of them are redundant. 

Along the base manifold M, the tangent bundle Tr admits a natural 
decomposition 

TT| M = TM@A, 

where A is identified with T s T\m, the tangent bundle to the s-fibers 
along M. Denote by p : A — >■ TM the anchor map. Then p is equal to 
U : T S T\ M -> TM. 

Let Zk be the set of all elements w of TM A (A k ~ 1 A) satisfying 
Ki°p*C,2 w = -^VCi™' V Ci, C2 G T*M. 

Let T> p be a degree-0 derivation of r(A"(TM ®A)) such that D p {a + b) = 
p(a), for all a G A and b G TM. 

Lemma 2.5. For any w £ and j > 1, iue /icwe 

(4) VC^ 1 ™) = ^(^) = -py^H VC G T*M. 
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Proof. First, note that we have the following identities: 

(5) l c o D p - D p o l c = L p * c , 

(6) o D p = D p o L p * 

where £ € T*M, and both sides of Eqs. (5) and (6) are considered as 
linear maps A*(TM © A) -> A* _1 (rM A). 

Now we prove Eq. (4) by induction. If j = 1, the equation 

ip^w = D p (lc_w) 

follows from the definition of Z^. By Eq. (5), we have 

(i£ o Dp - Dp o i C )w = ip^w = Dp(i£w). 

It thus follows that 

Assume that Eq. (4) is valid for j > 1. Then, using Eq. (6), we have 
VcP>) = (Dp o L p *^)(D p ~ 1 w) = (Dp o D> p )(l c w) = Dj+H^w). 

Moreover, using Eq. (5), we have 
Df\ K w) = D p {D{{ K w)) = -L l (D p o K o Dl)w 

= -}- [ ( H oDp- Vc ) o D J p w = -L^^D^w) - D p + \ K w)) , 
which implies that 

q.e.d. 

Proposition 2.6. Given a multiplicative k-vector field T, on T, there 
exists a section a € T(TM A (A fc_1 ^4)) such that 

(7) E| M = "V ) = - ^pcr + + • • • - ^D^a. 

Moreover, a satisfies the following properties: 

(8) %(/) = (-l) fc_1 td/«T, V/GC°°(M), 

Proof. Since M is co isotropic in T with respect to S, we may write 

(9) 2j|j\/ = a ' + <t ' H + a > , 

where a 4 '^ € T((A 4 TM) A (A fc ~M)). 

Also observe that, for any 1-form £ £ 1 (M), we have 

(10) t*(£)\ M = € + P*€€T(T*M®A*), 

li 



where T*T\m is naturally identified with T* M © A* . On the other hand, 
Condition 3 of Lemma 2.3 implies that (i t *(£)E)|jvf is tangent to the s- 
fibers, and therefore contains only r(A fc 74)-components. Using Eqs. (9) 
and (10), we obtain 



(11) 



i Pi? 



i,fe-i 



, J2.k-2 



2,k-2 



3,fc-3 



I ftp 



fe,o 



Note that, for all / € C°°(M), 

(12) = [E,t*/]k = (-l)* + V(d/)E|j* = (-l)^ 1 ^ 1 '*" 1 . 
Since 

= dxifljz] = [9e(/i),/ 2 ] + (-l^l/l.^Cfe)], 
it follows that 

(13) tp'd/aM/iff 1, _1 + Vd/iM^o- 1, -1 = 0. 

Let a = (T 1, . We will prove the following identity by induction on i: 



(14) 



0" 



i,k—i 



("I) 



t-1 



The case i = 1 is obvious. Assume that Eq. (14) is valid for %. Then, by 
Eq. (11), 



i+l,k-i-l 



(-1) 



i.k- 



(by the induction assumption) 



— tp^D^a (by Eq. (4)) 



(-1)' 1 
i\ i + 1 

(-iy 



(i + 1)! p 

Thus Eq. (14) is proved. Therefore, Eq. (9) implies Eq. (7), Eq. (12) 
implies Eq. (8), and Eq. (13) implies Eq. (2.6). q.e.d. 



2.3. fc-differentials of a Lie algebroid. It is known that the Schouten 
bracket of two multiplicative polyvector fields on a Lie groupoid is still 
multiplicative. Therefore, the space of multiplicative polyvector fields is 
a graded Lie algebra [9]. On the level of Lie algebroids, multiplicative 
fc-vector fields correspond to ^-differentials of the Lie algebroid, whose 
definition we recall below. 
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Given a Lie algebroid A, a ^-differential is a linear map 
d : r(A'A) -> r(A ,+fc ~ 1 ^) 

satisfying 

0(P AQ)= (dP) AQ+ (-l)\ p \(k-i) p A ( 5 q) ; 
d[P,Q] = [0P,Q] + (-l)^!- 1 )^" 1 )^,^], 
for all P,Q eT(AM). 

The commutator of a fci differential c\ and a ^-differential is the 
(k± + /c2 — l)-differential 

L^i, <9 2 J = ft o d 2 - (-ljCfc-iXfc- 1 )^ o ft. 

Theorem 2.7 ([9]). Lei r fc a Lie groupoid, and A its Lie algebroid. 
Then every multiplicative k-vector field £ induces a k- differential ft] by 

bz(P) = [£, P], /or a// P € r(AM). Pere K denotes the left invariant 
polyvector field on T determined by V. 

Moreover, the map is a homomorphism of graded Lie algebras, 

which is an isomorphism of graded Lie algebras provided T is s-connected 
and s -simply connected. 

In case of Lie groups, fc-differentials of multiplicative k- vector fields can 
be described more explicitly. 

Lemma 2.8. Let £ be a multiplicative k-vector field on a Lie group G. 

1) The map a : G —> A k g defined by a(g) = L ff -i*(£| g ) is a Lie group 
1-cocycle. 

2) The Lie algebra 1-cocycle induced by a is the k- differential ft;/ 



d_ 
dt 



{o~\cxptx) — j, 

t=o at 



^cx P -ite*( s lcxpte) = -dx(x), Vx G 0. 

t=0 



2.4. Infinitesimal data of multiplicative vector fields on Lie 2- 
groups. This section is devoted to the description of infinitesimal data 
of multiplicative vector fields on Lie 2-groups. 

2.4.1. Multiplicative polyvector fields on Lie 2-groups. Let (0 A 

G) be a Lie group crossed module and Gk8 the corresponding Lie 2- 
group. Consider a A;- vector field V G ^(G x 9). 

Definition 2.9. A multiplicative 0-vector field on G x is a smooth 
function f € C°°(G x 0) subject to the following conditions: 

f(poq)=f(p) + f(q), Vp,o€GK0; 
f(p*Q) = /(P) + /(?), Vp,geGx© s.t. t(p) = s(g). 



13 



For k > 1, a k-vector field V is called multiplicative if it is multiplicative 
with respect to both the group and the groupoid structure on G x G. In 
other words, the graph of the group multiplication 

A gp = {(ri,r 2 ,r l or 2 )\r 1 ,r 2 G G x 9} 

and the graph of the groupoid multiplication 

A g P d = {( ri , r2 , ri * r2 )| ri , r2 g Q X G,t(n) = s(r 2 )} 

are both coisotropic with respect to the k-vector field (V, V, ( — V) 
on (G x G) x (G K 6) x (G x 6). 

Denote the space of multiplicative A;- vector fields by X^ ult (G x 0). The 
following lemma follows immediately. 

Lemma 2.10. When endowed with the Schouten bracket, the space of 
multiplicative polyvector fields 

X mult (Gx9) := ® k > X k mnlt (G x G) 

is a graded Lie algebra. 

Remark 2.11. It is easy to see that f G £^ ult (G x G) if and only 
if f(g,ot) = v{ct), Va G G and g G G, where f G G°°(Q) satisfies 
v\ a /3 = v\ a + and v\ g ^ a = v\ a , Va, /3 G G. 

2.4.2. The infinitesimal data. It is natural to ask what is the infin- 
itesimal data of a multiplicative A;- vector field (with k > 1) on a Lie 
2-group. To answer this question, we need, as a first step, to describe 
the Lie algebroid A of the groupoid G x G =| G. 

It is simple to see that A is the transformation Lie algebroid G x 9 — > G, 
where the ^-action on G is u i— > 0(n),V Here the superscript ■ 

stands for the left invariant vector field on G associated to a Lie algebra 
element in g. It follows from Theorem 2.7 that a multiplicative k- vector 
field V G j£^ ult (G x G) induces a /c-differential 

(15) d gpd : T(AM) -4 r(A ,+fc ~ 1 ^), 
of the Lie algebroid A In particular, we have a map 

5 g Pd . C oo^ r(A fc ~ 1 A) ^ G°°(G, A fc ~ 1 6 ) ). 

Since d gpd is a derivation, i.e. d gpd (/i/ 2 ) = / 2 d gpd (/i) + /id gpd (/ 2 ), for 
all /i, / 2 G G°°(G), <9 gpd induces a A fc_1 0-valued vector field on G, which 
in turn can be identified with a g® (A fc-1 #)-valued function on G. Here 
we identify the tangent bundle TG with G x g by left translations. By 
skew symmetrization, we thus obtain a g A (A fc-1 #)-valued function on 
G, denoted by 5. More explicitly, we have 

(16) d gpd (/)| 9 = (-l) fe -V;d/A, V / g G°°(G), geG. 
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For fc > 1, let 

w k = lw e g a (A^e) s.t. l^l^&w = -L C2 L rCl w, v Ci,C2 e g*} • 

We have 

Lemma 2.12. T/ie function 5 : G -> g A (A fc-1 #) is a group l-cocycle 
valued in W/-. Here G acts on g fry i/ie adjoint action, and on 9 by the 
induced action from the crossed module structure. 

Proof. Proposition 2.6 describes how a multiplicative vector field on a 
Lie groupoid looks like along the base manifold. Now we apply this 
theorem to the groupoid G K 6 4 G. Identify TG with Gxg via left 
translations. We write V| ff for the value of V at (<?, 1@). For all g € G, 
we have 

(17) y\ 9 = L g ,^-^(5\ 9 )^ 

= L 9 * (s\ 9 - \D$ a + + ■■■ + t^l D ^\^ . 

Here : A*(g x 9) — » A*(g x 9) is a degree-0 derivation of the exterior 
algebra A*(g X 0) such that /^(x + u) = V x G g, u G 0, and, by 

abuse of notation, L 9 * denotes the tangent map of the left translation 
by (g, ±e) on the group G x 0. 

Since V is multiplicative with respect to the group structure on G x G, 
it follows that 

V\ g h = L g *V\ h + R h *V\ g , 

where denotes the tangent map of the right translation by (h, 1q) 
in the group Gk6, Substituting Eq. (17) into the equation above, we 
see that 5 is indeed a Lie group l-cocycle. 

Moreover, Proposition 2.6 implies that 

(18) *City*Ca(*ltf) = -^VCiA)' VCi,C2G0*- 

As a consequence, 5 takes values in Wk- This concludes the proof, q.e.d. 

Taking the derivative of 5 at the unit: 

(19) ,(,) - - | 
we obtain the following 



0~\exptx, Vx G g, 

t=0 



Corollary 2.13. ylny multiplicative k-vector field on a Lie 2-group 
G x induces a Lie algebra l-cocycle 5 : g — > g A (A fc-1 #). 
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Lemma 2.14. Identify with the Lie subgroup {Iq} x © of G x @, 

where 1q is the unit element of G. Then any multiplicative k-vector 
field V (k > 1) is tangent to 0, and therefore defines a multiplicative 
k-vector field V|e on 0. 

Proof. Let i denote the inverse map of the groupoid G t< =3 G, as 
described in the proof of Proposition 2.2. I.e. i(g,a) = (g$>(a), a -1 ). 
It is clear that i*V = (-l) fe+1 V since V is multiplicative. To prove 
the lemma, it suffices to prove that, for any function / G C°°(G), 
[V,s*/]|e = 0. For all a G C G x 9, we have 

**([ V ' S */]U) = (-l) fc+1 [V,t*/]| j(Q) = (-l) fe+1 (W))k a) 

= (-l) fc+1 L, (Q ),(0 gpd (/)|to t ( Q) ) = (-l) fe+1 L 4(Q) ,(0- d (/)| lG ) =0. 

Here 1q is the unit element of G, and L stands for the left translations 
with respect to the groupoid structure. The fact that 9 gpd (/)|i G = is 
due to Eq. (16) and Lemma 2.12. q.e.d. 

As an immediate consequence, the infinitesimal of V|e gives rise to a 
Lie algebra 1-cocycle 

(20) u : -»• A k 9. 

The pair (5,uj) as defined in Eqs. (19) and (20) constitutes the infinites- 
imal data o/V. 

2.4.3. Compatibility conditions. This section is devoted to explor- 
ing the compatibility condition between the infinitesimal data ui and 5. 
The main theorem is the following: 

Theorem 2.15. Let (O —> G) be a crossed module of Lie groups. A 
multiplicative k-vector field V on the Lie 2-group G X associated to 
this crossed module determines a pair of linear maps 

oj-.O^ A k 9, 

5 : -> A (A fc -^) 

which satisfy the following three properties: 

ID1: D^oto = 60(f), i.e. the diagram 



u s 

A fc (0K#)— ^A fc (0*0) 

JJ4, 

commutes; 

ID 2: 5 is a Lie algebra 1-cocycle valued in W^; 
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ID3: for all x G Q and u G 9, 

x > (lo(u)) — co(x o u) = pr A fc e ([u, S(x)]) , 
where the bracket is taken in g k 9. 

First of all, we prove that the /c-differentials of V with respect to both 
the groupoid and the group structures can be expressed in terms of the 
infinitesimal data (w, 5). Since A = G x 9, <9 gpd is completely determined 
by two R-linear operators: <9 gpd : C°°{G) -> C°°(G } A k ~ 1 9) and <9 gpd : 
C°°{G,9) C°°(G, A h 9). The latter is determined by its value on 
constant functions due to the Leibniz rule. 

Let <9 gp : q x 9 — > A fc (g x 9) be the fc-differential with respect to the 
group structure on G x ©. 

Proposition 2.16. The map oj : 9 — > A k 9 satisfies 

(21) lo(u) = d gp (u) = d gpd (u), Vue9. 

Proof. Every u € 9 C x 9 (considered as a constant section of the 
Lie algebroid A = G x 9) determines two vector fields on G x 0: a 
vector field tl sp invariant under left translations relatively to the group 
structure and a vector field tT invariant under left translations relatively 
to the groupoid structure G k 6 4 G. It is simple to see that 

(22) tr gp = tr. 

Therefore, 

^ gp (u) = h ep (u) sp = [v, tr gp ] = [v, tr) = d spd ( u ). 

By definition, we have uj(u) = d sp (u). The conclusion follows. q.e.d. 
Proposition 2.17. The k- differential d sp : g x 9 — » A fc (g x 9) satisfies 

d ep (u) = u(u), Vn G 6>, 

5 SP (x) = ^ (J(x)) , ViG B . 

Proof. It remains to prove the second equation, which follows from a 
direct verification by applying Lemma 2.8 (2) and Eq. (17). q.e.d. 

Proof of Theorem 2.15. According to Lemma 2.12, ID2 holds. It suffices 
to prove ID1 and ID3. 

Consider the ^-differential 3 gpd : T(AM) ->• r(A* +fe_1 A) induced by V. 
For any u G 9, f G C°°(G), we have 

(23) a gp >, /] = [d gp », /] + [«, a gpd (/)]. 
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Next we evaluate both sides of Eq. (23) at e = 1q- Since 5 is a Lie 
group 1-cocycle according to Lemma 2.12, we have 8\ e = 0. It thus 
follows from Eq. (16) that d gpd [u, f]\ e = 0. On the other hand, we have 

[d^(u),f]\ e = K«),/]| e = (-i)*-V(d/)^) 

= (-l) k - 1 L df ((D 4 ,o U )(u)). 

Here we have used Proposition 2.16 and the equality i^*^ = i£ o 
in Hom(A fc 6>, A k ~ 1 9) valid for all £ G g*. Moreover, Eq. (16) implies 
that 5 spd (/)| e = 0. Since the Lie algebroid A is the transformation Lie 
algebroid G x 9, we have 



M 8Pd (/)]|e=| 



(«9 gpd (/)|e x pt0(«)) 

t=0 



t=0 

= -(-l) fc - 1 , d/ 5(0(n))). 

Here d spd (f) is considered as a (A fc_1 #)-valued function on G, and the 
first equality follows from the Leibniz rule of the Lie algebroid axiom 
and the identity <9 spd (/)| e = 0. Hence ID1 follows immediately from 
Eq. (23). 

On the other hand, the fc-differential d sp satisfies 

d gp [x,u] = [d gp (x),u] + [x,d sp (u)\, Vx G Q,u G 0, 

where the brackets stand for the Lie algebra bracket on g ix 9. Applying 
Proposition 2.17, and comparing the A fc #-terms of both sides of the 
equation above, ID3 follows immediately. q.e.d. 

Proposition 2.18. The map 10 : 9 — > f\ k 9 is a Lie algebra 1-cocycle, 
i.e. 

u[u,v] = [uj(u),v] + [u,uj(v)], \/u,v G 9. 

Proof. Using ID1 and ID3 from Theorem 2.15, we have 
oj[u, v] = Ld((j)(u) > v) 

= <f)(u) > u(v) - pr Afce ([w, 5((f>(u))}) 
= [u,w(v)] -pr A k tf ([t;,D0(w(«))]) 
= [u,u(v)] - [v,u(u)\. 

Here, in the last equality, we have used the identity 

pr Afc( ,([«,D^(C)]) = [«,C], VCGA fc 0, 
which can be verified by a straightforward computation. q.e.d. 
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Now we extend the two maps u and 5 to degree-(/s — 1) derivations (which 
we denote by the same symbols by abuse of notation) on the exterior 
algebra A*(g x 6) by setting u(g) = and 5(6) = 0. 

Proposition 2.19. Assume that"V\ and V2 are multiplicative k\- and 
k2~vector fields on the Lie 2-group G t< O. Let (coi,5\) and (012,82) be 
their corresponding infinitesimals. Then, the infinitesimal (0^3, #3) of 
V3 = [Vi, V2] is given by the following formulae: 

(24) w 3 =Wiow 2 - (-l^i-lXfca-l)^ o u>x, 

(25) 5 3 = (<5i + ojx) o 5 2 - (-l)( fc i- 1 )( fc 2-D(5 2 + U2 ) o 5l 

Proof. Note that 
a v 3 - a [Vi,v 2 ] - Loy^oVaJ 

Hence Eqs. (24) and (25) follow immediately from Proposition 2.17. 
q.e.d. 

By Ak (k > 1) we denote the space of pairs (cj, 5) of linear maps ui : 
6 — >• A fc # and <5 : g — > g A (A fc_1 ^) satisfying the three properties ID1, 
ID2, and ID3 listed in Theorem 2.15. By Aq, we denote the space of 
all pairs (u, 5), where 5 is the trivial map g — > and ui : 6 —> R satisfies 
w(a; > u) = 0, for all x G g and u£fl. 

Corollary 2.20. When endowed with the bracket defined by Eqs. (24) 
and (25), i/ie direct sum ®fc>o * s a 9 ra ded Lie algebra. 

2.5. The universal lifting theorem. 

2.5.1. Statement of the main theorems. The converse of Theorem 
2.15 holds as well. 

Theorem 2.21. Let G x be a Lie 2-group, where both G and are 
connected and simply connected. Given any (u,5) € Ak, there exists 
a unique multiplicative k-vector field V on G tx 7 whose infinitesimal 
corresponds to (uj,5). 

An immediate consequence is the following main result of the paper: 

Theorem 2.22 (universal lifting theorem). Let G x be a Lie 2-group, 
where both G and are connected and simply connected Lie groups with 
Lie algebras g and 6, respectively. There is a canonical isomorphism of 
graded Lie algebras 

0£Lit(GK0) = 0A. 

fc>0 fc>0 
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2.5.2. From infinitesimal data to ^-differentials of the Lie alge- 
bra g x 9. The k = case is obvious, so we will assume k > 1 below. 
We will divide the proof of Theorem 2.21 into several steps. 

First, since 5 is a Lie algebra 1-cocycle, it integrates into a Lie group 
1-cocycle 

8: G ->g A (A fe-1 0) 

such that 

5\ cxp tx, Vx G g. 



(26) 



5{x) 



dt 



t=o 



Clearly the map 5 takes values in W^. 

Let oj : — > A k 9 be the group 1-cocycle integrating oj. As a direct 
consequence of property ID1 from Theorem 2.15, we have 

(27) *|#(a)=^(w|«), V 9 eG,aee. 

Define a linear map d : x — > A fc (0 X 6*) by 

9(it) = w(it), Vu € 0; 

1 _ e -A*> 
<9( x ) = Fi <H x )i Vx G 0. 



(28) 



Proposition 2.23. T/ie operator d defines a Lie algebra k- differential 
for the Lie algebra q t< 9. 

Proof. It suffices to prove that d is a Lie algebra 1-cocycle for the Lie 
algebra q t< 9. In fact, Proposition 2.18 implies that 

d[u, v] = [du,v] + [tt, dv], \/u,v G 9. 

On the other hand, it follows from a direct verification that 
D^[x,w] = [x,D^{w)), Mx G Q,w G A*(g x 0). 

As a consequence, applying the operator — ^ — to both sides of the 
equation: 

we obtain 



8[x,y] = [5x,y] + [x,5y], 



d[x,y] = [dx,y] + [x,dy], Vx,yG0. 
It remains to prove the identity 

d[x, u] = [dx, u] + [x, du], VxG0,uG#. 

Since d[x, u] — [x, du] = pv A kg([5(x),u]) according to property ID3 from 
Theorem 2.15, it suffices to prove that 

[dx,u] = pr A k 6 ([5(x),u]). 
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k-1 



Now 

[dx,u]=\j2^^Di(S(x)), 
k-1 

Using the definitions of <5 and D^, we obtain the following identity: 

rfe-i 



U=o v ; 



ii 



u=o v ; 



For 1 < j < fc - 1, the sum pr AJgA(A fc- J0) 
tains only the two terms 



P r AJgA(A fc -^0) 



and thus reduces to 

( 29 ) ^ P r A^ A(A^^ 



= pr A h [S(x),u]. 
E^^Di(S(x)),u 

^I#f (*)),« 
I>i(5(x)),« 



con- 



+ 



1 



i + i 



To prove that it vanishes, we need a couple of lemmas. 
Lemma 2.24. For any v G A k ~ 1 9 and 1 < I < k — 1, we have 



P r A'- 1 gA(A fc -'6») 



0, Vu G 0. 



Proof. This follows from a straightforward computation, which is left to 
the reader. q.e.d. 

From Lemma 2.5, it follows that, for any w G Wk and j > 1, we have 
(30) L^{Di- 1 w)=D j ^w) = -^ K {Diw), V( G g*. 

Now we return to the proof of Proposition 2.23. It remains to prove 
that (29) vanishes. Indeed, for any ( € J*, we have 



L C P r AJgA(A fe -3| 

= P r AJ'- 1 gA(A fe -3 



Di-\S{x)),u 



1 



i + i 



Dl(S(x)),u 
1 



i c £>> (*(*)), u 



P r A3- 1 flA(A fc -j 



K d:>-\5{x)),u 

j&-\L C 6(x))-Di(o c 6(x)),u 



0. 



Here in the last two steps, we have used Eq. (30) and Lemma 2.24. This 
concludes the proof of the proposition. q.e.d. 
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2.5.3. Multiplicative with respect to the groupoid structure. As 

a consequence of Proposition 2.23, we obtain a £;-vector field £ on G x G, 
which is multiplicative with respect to the group structure and whose 
induced ^-differential with respect to the group structure on G x is 
d. Now we need to prove that £ is also multiplicative with respect to 
the groupoid structure on G k 8 4 G. For this purpose, we need an 
explicit expression of £. Since £ is multiplicative with respect to the 
group structure on G x G, it suffices to find an explicit expression of £ 
along the subgroups {1g} x G and G x {le}> respectively. The next 
two lemmas are devoted to this investigation. 

The following lemma is immediate. 

Lemma 2.25. Identify G with the subgroup {1g} x © of G x G. Then 
£ is tangent to Q and therefore induces a multiplicative k-vector field 
£|e on G. Moreover, £| Q = L a *(Q\ a ), for all a £ Q. 

Next, we have 

Lemma 2.26. Along the Lie subgroup G = G x {le} C G x @, £ can 

be explicitly expressed by the following formula: 

(31) n 9 = L 9 *( 1 ~^ D \ s\ 9 ))> V 5 €G. 
Moreover, for any £ £ 0*, uie Ziowe 

(32) C+*»C)( E lff) = 4 cW- 
#ere L*_ X C G T*G and 0*C € 6»* = T^G. 

Proof. Eq. (31) follows from integrating <9(x) in Eq. (28). To prove 
Eq. (32), according to Eq. (30), we have 

(^K 1 ^)) = ^M D3 M) = -« {^ D3 M)) ■ 

The conclusion thus follows immediately by using Eq. (31). q.e.d. 

Proposition 2.27. The k-vector field £ is also multiplicative with re- 
spect to the groupoid structure on G x G =t G. 

Proof We divide the proof into three steps. 

(1) The base manifold G is coisotropic with respect to £. 

For every g £ G, we have TL le )(G x G) = T g G © 9. The conormal 
space of T g G can thus be canonically identified with 8*. It follows that 
G is coisotropic with respect to £ since £| g does not contain any (A k 6)- 
components according to Lemma 2.26. 

(2) For every £ £ il 1 (G), i t »(£)£ is left-invariant with respect to the 
groupoid structure. 
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For every (g,a) G G x G, we identify T (9 a )(G x 9) with T 9 G T a Q. 
Since u}\ a takes values in A k 9, we have 

= ^Ipoo = I J g*{Yi\ a ) + R aJf {Yi\g) = Lg^Lax^iula) + (X | 9 ) . 

Let m be the point t(g,a) = g&(a) of G. Choose a £ € g* and set 
eU = i^-iC S T^G. We have, for all u G 0, 

(33) i t *(QL g *L a *u = 
which follows from the identity 

(t o L g o L a )(l G ,/3) = 5 $(a)$(/3) = (L 3${q) o $)(/3), V/3 G 9. 
Also note that, for all V 6 T( ffile )(G x 9), 

(34) '«'(0^" = '( 1; _ lM;w c) l/ + '(*- M;i „,c) ,/ - 
To prove this identity, we observe that 

(t o i? Q o L g ) (/i, /3) = gh$(P)$(a), V/i G G, /3 G 9, 
which implies that 

(t* o R a * o L gir ) (x, u) = (i ff $( a )* o Ad$ (Q ,-i)) (x + 0(n)), Vx G g, it G 6. 
Thus Eq. (34) follows from a straightforward verification. 
Applying Eq. (33), we obtain 

= LgtLavfaDfula) (by Eq. (27)) 

= Lg*L a * (i£<5|$( Q )) • 

Using Eq. (34) and Lemma 2.26), we have 

L t *^R a *(E\ g ) = i? a *^ L ^ i(A dj (Q) c)( s l9) + ^*Adj (Q) c( s l 9 
= L 3 *i? Q *(i Ad » {a)f <5| ff ). 

Therefore we have 

(i t *(£)£)|( ff)Q ,) = t t .(^L 9 *(S|Q,) + i t .(f)l? CWt (E| g ) 

= Lg*L a>l: (i£<5|$( Q )) + ^g*-Ra*( i Ad* {a) C^l3) 
= L g *L a * + Ad Q -i (^AdJ (Q) C^|g) 

= i fl *£a*ic(^l*(a) + ( $ ( Qrl ))*<%), 
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where, in the last step, we used the fact that S is a Lie group 1-cocycle. 
In particular, we have 

(it*(£)E)| fl $( a ) = (h*(^)\(g<S>(a),l @ ) = L g^{a)* L C,^\g^{a) 

and therefore 

Ot*(0 S )l(s,a) = ^.a)*^* (0 S )lfl«(«)- 

This proves that t t */£)£ is indeed left-invariant with respect to the 
groupoid structure. 

(3) For every X £ T(A), [£, X] is left-invariant with respect to the 
groupoid structure. 

It suffices to consider X = fu, where / £ C°°{G) and u £ 6 being 
considered as a constant section of A = G x 9. Then, 

p,£] = [£,(t*/)tr] 

= (t7)[E,t-] + p,t7]Atr (byEq. (22)) 

= (t*/)P,tr-] + (-i) fc - 1 itM/ SAti 

= (t7)%(u) gp + (-l) fc ~Vd/£ A V (by Eq. (22)) 

= (t7)§ffa) + (-l^Vd/S A f , 

which is clearly left-invariant according to Claim (2). 

Finally, Claims (1), (2), and (3) imply that £ is indeed multiplicative 

by Lemma 2.3. q.e.d. 



Proof of Theorem 2.21. From the infinitesimal data (oj,S), we have con- 
structed a multiplicative A;- vector field £ on the 2-group G x 0. As- 
sume that the infinitesimal data corresponding to £ is (oj',5 1 ). Propo- 
sition 2.17 implies that oj' and 5' can be recovered from d gp , the k- 
differential of £ with respect to the group structure on Gk 6, by the 
following relations: 

' d sp (u) =u'(u), 
< 1 — p~ D <t> 

Since d is defined by Eq. (28) and £ integrates d, <9 gp must coincide with 
d. Hence it follows that oj' = oj and 5' = 5. 

Since both G and are connected and simply connected, so must be 
G x 0. Hence the multiplicative vector field £ that integrates d must 
be unique. q.e.d. 
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3. Quasi-Poisson Lie 2-groups 



Throughout this section, (0 — > G) denotes a Lie group crossed mod- 
ule, and G x its associated Lie 2-group. By (9 g), we denote its 
corresponding Lie algebra crossed module, and by q X 9 the semidirect 
product Lie algebra. 

3.1. Quasi-Poisson Lie 2-groups. 

Definition 3.1. A quasi-Poisson structure on a Lie 2-group G x is 
a pair (IT, 77), where II G X^ u | t (G x 0) is a multiplicative bivector field, 
rj : G — > A 3 # is a Lie group 1-cocycle such that 

(35) i[n,n] = ^-t, 

and 

(36) [n, ^] = 0. 

Here rj is considered as a section in F(A 3 ^4). When rj is zero, II defines 
a Poisson structure on G x 0. In this case, we say that [G x 0,11) is 
a Poisson 2-group. 

It is clear that G k 9 4 G together with (II, rj) is a quasi-Poisson 
groupoid [9]. 

The main result of this section is the following: 

Theorem 3.2. Any quasi-Poisson Lie 2-group (II, 77) on G x natu- 
rally induces a quasi-Lie 2-bialgebra. 

Conversely, given a quasi-Lie 2-bialgebra (9,Q,t) as in Definition 1.3, if 
both G and are connected and simply-connected Lie groups with Lie 
algebras 9 and q, respectively, then G x admits a quasi-Poisson Lie 2- 
group structure whose infinitesimal is isomorphic to the given quasi-Lie 
2-bialgebra. 

The proof is deferred to Section 3.3. In fact, from its proof, it is clear 
that exactly the same conclusion holds between Poisson Lie 2-groups 
and Lie 2-bialgebras. Thus, as an immediate consequence, we obtain 
the following analogue of a classical theorem of Drinfeld in the context 
of 2-groups. 

Corollary 3.3. 1) There is a one-to-one correspondence between con- 
nected and simply connected quasi-Poisson Lie 2-groups and quasi- 
Lie 2-bialgebras. 

2) There is a one-to-one correspondence between connected and simply- 
connected Poisson Lie 2-groups and Lie 2-bialgebras. 
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3.2. Multiplicative fc-vector fields generated by group 1-cocycles. 
Lemma 3.4. For any u £ 9, we have 

(37) (Ad (W ! o (id, -<j>)){u) = ((id fl -0) o /C 1 )^), 

(38) Ad (M) -i(«) = (Ad^-i oh- x ){u) = {h^))-\u). 
Here id, denotes the identity map on 9. 

Proof. A straightforward computation yields that, for all (g, a) £ G x 0, 

= (VV, {{h- x g- x h)>p- X ){h- X >^)P) 
= [Ad h -ig, ((Adh-i^- 1 )^- 1 )^- 1 ^)^). 

In particular, we have 

Ad (M) -i($(a" 1 ),a) = (^(r^a-^rVa)). 

Eq. (37) thus follows immediately by taking the tangent map at a = 1q. 
Similarly, we have 

Ad (M) _i(l G ,a) = (lc^GS)) -1 **)). 

Eq. (38) follows by taking the tangent map at a = 1q. q.e.d. 

Proposition 3.5. Let A : G — > A l 9 be a Lie group 1-cocycle, and A : 
— > A l 9 the corresponding Lie algebra 1-cocycle. 

1) The l-vector field 

= A - A 

on the 2-group Gk0 is multiplicative. Here A is considered as a 

section inT{A l A), and A and X, respectively, denote the left- and 
right-invariant l-vector fields on the groupoid G x G G. 

2) The infinitesimal data of is 

u; x = A o <j) : 9 -> A J 0; 

5 A = J D^oA:g^ S A(A z - 1 0). 

3) Lei <9 gpd : T(A'A) -> r(A ,+fc-1 A) 6e i/ie k- differential on the Lie 
algebroid A induced by a multiplicative k-vector field V on G x 0. 
Then, the section a = 3 gpd (A) € r(A fc+ '~ 1 A) 7 considered as a map 
G — » A k+l ~ l 9, is a Lie group 1-cocycle. The corresponding Lie 
algebra 1-cocycle a : g — > A k+l ~ l 9 is 

ff = woA -(_i)(M(W) Ao5) 
where (uj,5) is the infinitesimal o/V. 
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Proof. 1) It is clear that is multiplicative with respect to the groupoid 
structure. It suffices to show that C-r is also multiplicative with respect 
to the group structure on G x 0. Define c : G x © — > A 1 (q x 9) by 

C\(g,a) = L (g,a)- 1 *( C Al(s,a)) 5 

where L stands for the group left translations. It is well known that 
is multiplicative with respect to the group structure if and only if c is a 
group 1-cocycle, i.e. 



(39) 



\(g,a)o(h,P) 



+ Ad 



( c l(s,a))- 



Now a direct calculation yields 



i.e. 



(40) c|( 9jQ) = X\ g ^(a) - (ide -<l>)X\g- 

Here (idg —(f)) extends naturally to a map A l 9 — > A 1 

(idg -(f>)(uiAu 2 A- ■ -Aui) = (id -0)«iA(id e -0)ii 2 A- • -A(id e 

for all iti, • •■ , u\ € Using Eq. (40) and the assumption that A is a 
1-cocycle, we have 

r.h.s of Eq. (39) 

=X\ hm - (id, -<f>)\\ h + (^(/3)); X (AU(a)) - ((id e -0) o Oft*) 
=^l ff *(a)/i*(^) ~ (ide -<A)A| 9 ft 

=c l(g/i,(/i- 1 l>a)^) 

=l.h.s. of Eq. (39). 

Thus, is indeed multiplicative with respect to the group structure. 
2) Let d : g x 9 — >■ A^(g x 0) be the /-differential induced by the multi- 
plicative /-vector field C^. According to Lemma 2.8, we have 



d(x + u) = — — 



t=o 



lexp ) 



Vx + It G Q X 6*. 



Assume that (wa, 5a) is the infinitesimal data corresponding to C^. Ac- 
cording to Proposition 2.17, we have 



uj x {u) = d(u) = - — 



t=0 



(A|$(exptw) - (idfl-0)A|i G ) = (A o0) (u). 



Moreover, 

Sx(x) 



t=o 



dt t=o 
(D <p o\)(x) 



(idg — <^)A|cx P ix) 



exp tx ) 
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Hence it follows that 5\ = o A. 

3) We first prove the following formula: 

(41) a\ g = U (X\ B ) + (-l)( fe - 1 )^- 1 )+ 1 A(? fl ) - pr Ak+l - le [S\ g , X\ g ], 

where 5 : G — > Q A (A k ~ 1 9) is the Lie group 1-cocycle corresponding to 
5 as in Eq. (26). To prove it, assume that 

= ^2 fi{d) u i and &\g = ^2 MfiO^i A Wj, Mg G G, 



where fi,hj G C°°(G), Ui G f\ l 6, xj G 0, and Wj G A fc 1 9. According to 
Eq. (16) and Proposition 2.16, we have 

a\ g = d^(X)\ 9 

= y £(fr(g)d^ d (u l ) + (d^f l )\ g Au l 



i 

(\\g) + {{L g dfi,Xj)hj(g)vjj Aui) 

d 



I -J 



dt 



t=o 



g exp tx. 



0J[ 



'(Mg) + (" 1 ) fe 1 Yl { h M w j A ( - \(xj) - pr Ak +i-io[xj, Mi 
i 

= r.h.s. of Eq. (41). 
Here in the second from the last equality, we used the identity 

Mgcxptxj = Mcxptxj + (exptxj)* 1 X\g- 

From Eq. (41), it follows that a is indeed a Lie group 1-cocycle. More- 
over, the induced Lie algebra 1-cocycle is 



a(x) 



~dt 



& I exp tx 



t=0 



rt_ 



t=Q 



[<5|exp txj M 



exp tx. 



= w(A(z)) - {-l) {k ~ l)( > l - l) \{8{x)). 

^ ere ~~ lt\t=0 P r A fc +'- 1 e ^lexpte, A| cx pix- 

group 1-cocycles. This completes the proof. 



0, since both 5 and A are 
q.e.d. 
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3.3. Proof of the main theorem. The following result describes the 
infinitesimal data of a quasi-Poisson structure on the 2-group Gk9, 

Proposition 3.6. Let (G x 0,11,7/) be a quasi-Poisson 2-group as in 
Definition 3.1. Let (u),5) be the corresponding infinitesimal of II and 
r] : q — > A 3 # the Lie algebra 1-cocycle induced by rj. Then the following 
identities hold: 

(42) uj 2 = r/ o (ft, 

(43) (u + 5)o5 = D^or], 

(44) oj o 7] = r] o S, 

where rj is identified with its extension to a degree-1 derivation of the 
exterior algebra A*(g x 9). 

Proof. Let =77 — 77. According to Proposition 3.5, is multi- 
plicative. Moreover, its corresponding infinitesimal is (rj o (ft, o 77). By 
Proposition 2.19, the infinitesimal of ^[11, II] is given by (uj 2 , (uj + S)o8). 
Thus Eq. (35) implies Eqs. (42) and (43). On the other hand, Eq. (36) 
is equivalent to d^ d (rj) = 0. By Lemma 3.5 (3), we have wo 77 — 7/0 5 = 0. 
This completes the proof. q.e.d. 

Conversely, we have 

Proposition 3.7. Let G X G be a Lie 2-group. If both Lie groups G 
and G are connected and simply connected, every triple (to, 5,7]), where 
(co,5) satisfies the conditions of Theorem 2.15, and 77 : g — > A 3 # is a 
Lie algebra 1-cocycle satisfying the conditions of Proposition 3.6, can be 
uniquely integrated to a quasi-Poisson structure on G x G. 

Proof. By Theorem 2.21, we obtain a multiplicative bivector field II on 
G x Q whose infinitesimal is (u),5). Let rj : G — > A 3 9 be the Lie group 
1-cocycle integrating 77. By Proposition 3.5 (3), <9fj d (77) vanishes since 

u> o r/ — rj o 5 = 0. Thus [II, rj] = d^ d (rj) = 0. Moreover, Eqs. (42) 
and (43) imply Eq. (35) according to Proposition 3.5 (1 and 2). q.e.d. 

Finally, we need the following 

Lemma 3.8. A quasi-Lie 2 bialgebra structure on a crossed module 

of Lie algebras (6 — > g) is equivalent to triples (5, uj, 77) of linear maps 
5 : g — > W2 C Q A 9, to : 9 — > A 2 9 and 77 : g — > A 3 9 that satisfy the 
following properties: 

1) Dfj, o u = 5 o (ft; 

2) uj 2 = 77 o (ft; 

3) (uj + 5) o 5 = o 77; 

4) uj o 77 = 77 o 5; 
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5) 7] is a Lie algebra 1-cocycle; 

6) 5 is a Lie algebra 1-cocycle; 

7) x > oj(u) — uj(x > u) = pr A fe S ([n, 5(x)]), for all x G g and u £ 6. 

Proof. By Proposition 1.2, a weak Lie 2-coalgebra structure underlying 

(6 — > q) is equivalent to an element c = (p + e + a + f] & <S( -4 ) such that 
{c, c} = 0. Here cj) and </> are related by the equation: 4>{u) = {cj),u}, 

for all u G 0. And (0 — > g) is a quasi-Lie 2-bialgebra if and only if 
{o + c, o + c} = 0, where o = 6 + a is the data defining the crossed 

module structure of (6 g), as a special Lie 2-algebra with /i = 0. 
Introduce the operators 5, cj, and by the following relations: 

(5(x)\CAk) = -{{{a,x}^},K}; 
(oj(u)\ki A k 2 ) = {{{e, u} ki} , k 2 } ; 
(r](x)\Ki Ak 2 Ak 3 ) = {{{{fj,x} ,k 2 } ,^3} • 

for all x G g, u G ^ G g*, and n, Hi G 0*. Expand {o + c, o + c} and 
consider the result term by term. Immediately, we have the following: 

1) the (0 2 g)og*-part is zero if and only if 5 is valued in W2', 

2) the #©g0#*-part is zero if and only if Condition 1) is satisfied; 

3) the (0 3 0)o0*-part is zero if and only if Condition 2) is satisfied; 

4) the (0 2 #)0g0g*-part is zero if and only if Condition 3) is satisfied; 

5) the (0 4 #)0g*-part is zero if and only if Condition 4) is satisfied; 

6) the (o 2 g*)o (0 3 #)-part is zero if and only if Condition 5) is satis- 
fied; 

7) the (0 2 g*)o go 0-part is zero if and only if Condition 6) is satisfied; 

8) the (0 2 0)o g*0 #*-part is zero if and only if Condition 7) is satisfied. 

This concludes the proof. q.e.d. 

Proof of Theorem 3.2. Lemma 3.8 implies that a quasi-Lie 2 bialgebra 

underlying the crossed module (9 % g) is determined by the triple 
(w, 5, n) that satisfies the conditions in Theorem 2.15 and Proposition 3.6. 
Thus Theorem 3.2 follows from Proposition 3.6 and Proposition 3.7. 
q.e.d. 

3.4. Coboundary quasi-Poisson structures. The following proposi- 
tion describes a class of interesting examples of quasi-Poisson structures 
on a Lie 2-group. 

Proposition 3.9. 1) Associated to any Lie group 1-cocycle A : G — > 
A 2 9, there exists a quasi-Poisson structure (II, rfj on G x given 
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as follows: 

tr — > 

(45) II = A — A , 

(46) ^=|[A,A]. 

In Eq. (45), A is considered as a section inT(A 2 A) and the bracket 
in Eq. (46) stands for the pointwise Schouten bracket on A'9. 
2) The infinitesimal (ui\,8\,ri\) of (II, 77) as described by Proposi- 
tion 3.6 is as follows: 

u\ = A o </>, 

5 A = £></> A, 
r]\ = \ o o A, 

where A : 3 — > A 2 (9 is i/ie Lie algebra 1-cocycle induced by A. 
Proof. The proof is standard, and is left to the reader. q.e.d. 

In particular, any r G A 2 # induces a Lie algebra 1-cocycle A r : Q — > A 2 9: 

(47) A r (x) = -xt>r, Vx G g. 

Therefore by Proposition 3.9, there exists a quasi-Poisson structure 
(n r ,J7 r ) on the 2-group Gk8, By a straightforward computation, we 
can describe this quasi-Poisson structure more explicitly: 

(48) (n r )|( 9 Q ,) = R g *$*r - L 9 *$*r + L a *c?~ 1 r - R a *g~ x r 

+ [(L g * o $,) <g> (L a )]r - [(R g * o $„) <g> (L 

and 

(49) (^^(M-^M). 

The infinitesimal of (n r ,?7 r ) is given as follows: 



(50) 


u) r (u) = 


[r,u], 


Vu G 


(51) 


5 r (x) = 


-D^x r) = -x > (D^r), 


Vx € 


(52) 


r] r (x) = 


-\xt> [r,r], 


Vx € 



According to Lemma 3.8, the triple (uj r ,5 r ,n r ) also defines a quasi-Lie 
2-bialgebra structure underlying (0 — > g). In particular, if n r = 0, i.e. 

(53) x [r, r] =0, Vx G g, 

we obtain a Lie 2-bialgebra. 

Definition 3.10. An element r of A 2 9 is called an r-matrix of a Lie 

algebra crossed module (9 % g) if [r, r] G A 3 9 is Q-invariant, i.e. if 
Eq. (53) holds. 

Similar to the Poisson group case, we have the following 
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Theorem 3.11. Corresponding to any r-matrix r as above, there is 

1) a Poisson Lie 2- group structure II r on G IX G such that 

n r = A r — A r , 

where A r : G — > A 2 9 is given by Eq. (47) and 

2) a Lie bialgebra crossed module underlying (9 % g). 

In this case, the Lie bracket on 9* is induced by the r-matrix r: 

([/Cl, K2\r\u) = (Kl A K2\[r, u]) , V«l, K2 € 9*, U € 6>, 

while the action of 0* on g* is given by 

(k>£\x} = (k A<fi*£\x>r) , 
for all k € 6**, £ G g*, and x G g. 

Example 3.12. Let = g[(2) = Mid ©sl(2) and g = sl(2). TLen the 
projection (f> : gt(2) — > sl(2) is a Lie algebra crossed module. It is easy 
to check that any r £ A 2 is indeed an r-matrix. 

Example 3.13. Let g be a Lie algebra and 9 C g an ideal. Consider the 
Lie algebra crossed module i : 9 — > g, where t is the inclusion. Assume 
that r £ A 2 such that [r, r] G A 3 # is g-invariant. Then r is clearly an 
r-matrix. For example, we take g = g[(2) and 9 = s((2). Then any 
bivector in A 2 9 is indeed an r-matrix. 
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